We explore topological states with magnetic order in heavy-fermion systems by taking account of a mirror symmetry. Although in the absence of spatial symmetry, there is no topological phase in the twodimensional (2D) antiferromagnetic phases at half filling, we demonstrate that a topological phase emerges in the presence of mirror symmetry. This is explicitly shown for a 2D periodic Anderson model. Furthermore, around quarter filling, our analysis shows that a half-metallic state emerges in the ferromagnetic phase, where a spin-selective gap opens, resulting in nontrivial properties characterized by a Chern number. In contrast to the previously proposed models, our scenario can even apply for spin-nonconserving systems in the presence of spin-orbit coupling.
Introduction
Since the theoretical discovery of topological insulators (TIs), 1, 2) topological materials have been the subject of intense theoretical and experimental investigation. Topological materials are characterized by their metallic surface (edge) states protected by the topology of the bulk wave function. A significant number of TIs have been found so far this decade, including topological crystalline insulators. [3] [4] [5] [6] Furthermore, closely related issues such as topological superconductors, [7] [8] [9] [10] [11] [12] and Weyl semimetals [13] [14] [15] [16] [17] [18] have also been the focus of intense interest, and topology has become a ubiquitous issue in condensed matter physics.
Recently, the notion of TIs has been extended to strongly correlated systems, such as topological Kondo insulators. 19, 20) In particular, SmB 6 21, 22) has attracted much attention as a promising candidate for the topological Kondo insulator. This compound has been known as a Kondo insulator for about 40 years, and it has been recently proposed that the saturation of its electrical resistivity at low temperatures is due to the topological surface current. In addition to topological Kondo insulators, there are intriguing topological phenomena [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] under electron correlations such as topological Mott insulators, [36] [37] [38] [39] interaction-reduced classifications, [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] and the competition between long-range-ordered phases and TIs. [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] The strong correlation effects on topological states are particularly interesting because of nontrivial properties originating from the interplay between topology and correlation.
In this paper, we focus on the topological properties in long-range-ordered phases such as ferromagnetic (FM) and antiferromagnetic (AFM) phases. The emergence of topological properties in the magnetic phases has already been studied. For example, an antiferromagnetic topological insulator (AFTI) 59) has been proposed for three-dimensional (3D) systems. In such AFTIs, the translation symmetry is broken and the unit * E-mail address: kimura.kazuhiro.85n@st.kyoto-u.ac.jp cell is doubled. The AFM order breaks time-reversal (Θ) and primitive-lattice translational (T 1/2 ) symmetries but preserves their combined symmetry S = T 1/2 Θ. Under this symmetry, the system has a Z 2 topological number, which is related to the strong index of 3D topological insulators. Note, however, that this Z 2 number is allowed only for 3D systems, as confirmed by the periodic table. [74] [75] [76] [77] [78] [79] We here attempt to solve this problem and demonstrate that we can realize AFTIs even in two-dimensional (2D) systems by taking into account a mirror symmetry.
Concerning nontrivial properties in FM phases, a spinselective topological insulator (SSTI) was proposed for heavy-fermion systems. 66) This is a half-metallic FM phase [80] [81] [82] [83] [84] around quarter filling, where one spin sector acquires a gap while the other remains gapless, which is called a spin-selective gap. If the insulating sector has a nontrivial topological number, we have an SSTI, which is a unique TI embedded in a metallic phase. Unfortunately, however, it has been shown that this phase emerges only in spin-conserving systems and is not generally compatible with the presence of spin-orbit coupling, which is necessary for topological properties. Here, we will overcome this difficulty and propose a way to realize an SSTI for a spin-nonconserving system in the presence of spin-orbit coupling.
We explore the above-mentioned topological states in 2D magnetically ordered phases by using an effective model of the topological Kondo insulator for heavyfermion systems, and demonstrate how they can emerge by using the Hartree-Fock (HF) approximation. Our main idea for realizing such topological states in 2D magnetic phases is to take into account crystal symmetries, in particular, a mirror symmetry. We address two kinds of magnetic phases: a 2D AFM phase at half filling and a half-metallic FM phase around quarter filling. By taking into account the mirror symmetry, we elucidate the remarkable facts that a 2D AFM phase can have a topologically nontrivial structure specified by a mirror Chern number and that a half-metallic FM phase can have a topologically nontrivial structure specified by a Chern number. An important point is that these states can appear for spin-nonconserving systems.
The rest of this paper is organized as follows. In Sect. 2, we introduce the model and the method. We then discuss the results for an AFTI at half filling in Sect. 3.1, and a half-metallic FM topological insulator near quarter filling in Sect. 3.2. In Sect. 3.3, we briefly address the electron correlation effect on our topological phases. A brief summary is given in Sect. 4.
Model and Method
We explore the topological properties of the heavyfermion systems by employing a 2D periodic Anderson model with nonlocal d-f hybridization. 19, 20, 85, 86) Specifically, we analyze the following topological periodic Anderson model showing band inversion at X points 29, 32, 87, 88) due to next-nearest-neighbor (n.n.n.) hopping, which is important for describing SmB 6 . Here, note that d-electrons are conduction electrons. In addition to the strong interaction U f between f -electrons, we also consider the interaction U d between d-electrons. The Hamiltonian reads
with
where 
T , where σ i (i = 0, x, y, z) are the Pauli matrices for spins. Here, t d , t f , t ′ d , and t ′ f are hopping parameters, V 1 and V 2 denote the d-f hybridization, and ǫ f is the difference between the d-and f -electron energies. We consider the above model on a 2D square lattice in the x-y plane, which is a 2D version of the topological crystalline insulator in a 3D cubic lattice. The system has inversion symmetry, so that the hybridization has odd parity,
In order to study the ground state of the model in Eq. (1), we employ the following HF approximation for the Coulomb term:
is the number operator. Here, · · · denotes the expectation value at zero temperature.
We introduce the mirror operation M z , which inverts the z-axis,
where τ i (i = 0, x, y, z) specifies d-and f -electrons. In order to consider the magnetically ordered topological insulating states with a mirror symmetry, we introduce the corresponding topological number. First, recall that the Chern number in multiband systems is given as
where
Berry connection, where |u i (k) is a Bloch state with occupied band index i, which is an eigenstate of H(k). In the mirror-symmetric system, all the eigenstates are characterized by their mirror parities and divided into two subspaces as
The net Chern number C and the mirror Chern number C m are defined by the Chern numbers C ±i obtained in each mirror subspace, namely,
Results
We here separately discuss the obtained results for the magnetic phases at half filling and around quarter filling separately. The values of the parameters we employ in the following are t d = 1 (energy unit), t
Unless otherwise noted we set (V 1 , V 2 ) = (0.1, −0.4). The choice of these parameters will be explained below. The magnetic properties of the system are studied by the HF method and the Chern number is calculated by the Fukui-Hatsugai method, 89) which is efficient for numerical calculations.
Antiferromagnetic phase
For a heavy-fermion system at half filling, there are some AFM phases and a Kondo insulating phase in the ordinary Doniac phase diagram. In contrast to a previous study, 59) we here demonstrate that the AFTI can emerge in 2D mirror-symmetric systems. The model we employ here is a topological mirror Kondo insulator introduced in Refs 85, 86, and 90, which is a mirror-symmetric extension of the topological Kondo insulator. This model was previously used to address a nonmagnetic Kondo insulating phase. The net Chern number is zero, C = 0, because of the time-reversal symmetry, but there is still a possibility of having a non-zero mirror Chern number C m = 0. We elucidate below that the system can change from a paramagnetic phase to an AFM phase without breaking its mirror symmetry, thus leading to an AFTI. The AFM phase, where the magnetization is along the z-axis in our case, breaks a space translation symmetry T 1/2 , and thus the period of the unit cell is doubled. Time-reversal symmetry is also broken by the magnetization, but we show that the net Chern number is zero by using the combined symmetry S = ΘT 1/2 of the time-reversal Θ and primitive-lattice translation T 1/2 .
We assume that the nesting vector is Q = (π, π) for the AFM phase, which is justified for (t
The mean-field Hamiltonian is given by
where α = d, f , and η i (i = 0, x, y, z) are the Pauli matrices for sublattice indices. The basis function is (d
T . The mirror operation in the sublattice is , where indirect gap ≤ direct gap. We have a TI for U f < 1.42, an AFTI for 1.42 < U f < 2.72, and an AF trivial insulator (AFI) for 2.72 < U f . Except when U f = 2.72, the system is an insulator because of the finite indirect gap.
In order to see the essence of the results more clearly, we start with a simplified model having only nearest-neighbor (n.n.) hopping and hybridization, i.e., (t
. We first determine the easy axis of the magnetization by using second-order perturbation theory in the strong correlation limit. As a result, we conclude that the z-direction is the easy axis. The detail of the derivation is given in Appendix A. It turns out that the magnetic moments of f -and d-electrons align antiparallel at each site in the z-direction, as shown in Fig. 1(a) .
The mean-field results for (U d , V 1 ) = (2, 0.1) are summarized in Figs. 1 (b)-1 (d) . Note that the results are not sensitive to the value of V 1 . We obtain an AFTI phase as shown in Fig. 1(b) . At U f = 2.72, there is a firstorder magnetic phase transition, and the spin configuration for U f > 2.72 in Fig. 1(a) , where d-and f -electrons align in the opposite directions, is in accordance with the second-order perturbation analysis. We show the direct and indirect gaps in Fig. 1(c) . The former is important for determining the topological structure, and we confirm that there is indeed a finite direct gap in the AFM phase. Note that the phase transition in Fig. 1(c) is a Lifshitz transition, where gap closing seems to occur at a single point. However, this is an accidental phenomenon due to our choice of parameters. It is seen that the AFTI phase extends between U f = 1.42 and U f = 2.72, where the mirror Chern number takes a value of C m = 1 in Fig. 1(d) with the finite magnetization in Fig. 1(b) . In the strong interaction region, there is a topological phase transition to a trivial phase at U f = 2.72, where both the direct and indirect gaps are closed. As seen from Fig. 1(d) , the transition is accompanied by a change in the mirror Chern number from C m = 1 to C m = 0 while the net Chern number is zero. This topological phase transition is triggered by the competition between the two types of gap. Namely, in the weak interaction region, the topologically nontrivial gap due to the nonlocal hybridization V 1 is dominant, while in the strong interaction region, the topologically trivial gap with the AFM order is dominant. The competition between the two different states gives rise to a topological phase transition accompanied by gap closing (see Appendix B).
Case of (t
We now investigate the model with a specific choice of the parameters, (t
. Importantly, these parameters can describe band inversions for the X points in the 3D Brillouin zone (see Appendix C), leading to a strong topological insulator phase, as observed for SmB 6 via angle-resolved photoemission spectroscopy measurements. 21, 22) The results obtained for topological and magnetic properties at half filling are shown in Fig. 2(a) . A prominent feature in this model is that the system becomes metallic where the indirect gap is closed in the AFM phase even at half filling, as seen in Fig. 2(b) . Note, however, that the topological properties still remain intact in this region because the direct gap is not closed. Namely, the Chern number is still well defined [ Fig. 2(c) ] in the region where the direct gap is open. Thus, the topological properties remain even in a "metal", and such a metal adiabatically connected to a topological insulator is called a topological semimetal. Note that this definition of a semimetal is standard in condensed matter but slightly different from that for Dirac/Weyl semimetals, which are zero-gap semiconductors by definition. Finally, there are several topological phase transitions between different Chern numbers, as seen in Fig. 2(c) . This spin configuration is of the AFM-II type in Fig. 2(d) .
Summarizing all these results, we arrive at the phase diagram shown in Fig. 3 . The horizontal axis denotes the strength of the interaction U f and the vertical axis the strength of hybridization V 1 . There are two AFM phases in Fig. 3 . The above analysis for the dashed blue line in Fig. 3 (V 1 = 0.1, V 2 = −0.4) also applies to the region |V 1 | < |V 2 | where the spin configuration is of the AFM-II type. In the AFM phase for these parameters, a semimetallic AFM topological phase is realized, which we refer to as an AFM topological semimetal. The mirror Chern number has various values in the phase diagram, which is due to the presence of n.n.n. hopping and hybridization, and is enriched by U d . The changes in the mirror Chern number are driven by the shift of the fband. In general, a complex band structure brings about various topological numbers (mirror Chern numbers), for example, see Refs. 57 and 90. For reference, in Appendix D, we show the phase diagram for U d = 0, which is much simpler than the one discussed above. In (a), there is a small hysteresis loop because of the first-order transition. In (b), the region where the indirect gap is closed is semimetallic, and the points where the direct gap is closed denote the topological phase transitions. In (c), there are two Chern numbers for two mirror sectors, and the change in the Chern numbers signals the topological phase transition. We have an AF topological semimetal (AFSM) for 1.8 < U f < 3.25 and an AF trivial semimetal (AFS) for U f < 3.25.
Here some comments on the difference between the current results and the previous ones are in order. So far, topological properties with the AFM order have been studied in Refs. 61-65, focusing on the systems with spin U (1) symmetry. The Hamiltonian with spin U (1) symmetry can be block-diagonalized for two spin sectors. In such a case, the topology of the AFM phase is characterized by the spin Chern number. In the presence of spin-orbit coupling, however, such U (1) symmetry may disappear generally. Here, we stress that the AFTI in our analysis is more generic in the sense that our scenario does not require spin U (1) symmetry. AFM systems respecting mirror symmetry with strong spin-orbit coupling are candidates for the AFTI proposed in this paper.
Ferromagnetic phase
We now move on to an intriguing topological halfmetallic state. Around quarter filling in the Kondo lattice system, it has been known that a half-metallic FM phase dubbed a spin-selective Kondo insulator [80] [81] [82] [83] [84] appears, where a spin-selective gap opens, namely, one spin sector is metallic while the other is insulating. This has been demonstrated for spin-conserving systems and has been extended later to a topological version referred to as a spin-selective topological insulator (SSTI), 66) where the insulating sector has topologically nontrivial properties. A crucial problem in the previous proposals is that all the results on the SSTI rely on spin U (1) symmetry, which will disappear in the presence of spin-orbit coupling in general. Thus, one might naively think that the SSTI cannot appear in reality. To overcome this difficulty, we here demonstrate that by using a mirror symmetry, such a topological half-metallic state can indeed exist in the 2D FM phase.
In Figs. 4 and 5, we show the results obtained around quarter filling. At a filling of 0.335 and U d = 0, a FM phase emerges, as seen in Fig. 4(a) , where the magnetization has a hysteresis loop. From the density of states (DOS) shown in Fig. 4(b) , we find that the system is metallic at U f = 0, whereas the system is half-metallic at U f = 4 with the M z = +i sector being metallic while the M z = −i sector is insulating, as seen in Fig. 4(c) . This mirror-selective gap gives rise to the nontrivial topological number C −i = −3 in Fig. 4(a) , resulting in a mirrorselective topological insulator where the filling of the insulating sector is always half, as seen in Fig. 4(d) . This spin configuration in Fig. 4(e) is of the FM-I type.
All these results are put together in the phase diagram of Fig. 5 , shown as functions of the strength of the interaction U f and the filling in the system. There are two FM phases having different types of spin configuration in Fig. 4(e) and the system has competition between two magnetic orders. We also study the case including the finite interaction U d , as shown in Appendix E. At U d = 2, there is no topological phase, in contrast to the above-mentioned case of U d = 0 in Fig. 5 , which shows a nontrivial topological phase in some parameter region. Summarizing, we find the mirror-selective topological insulator in a half-metallic FM phase, which can emerge for spin nonconserving systems, in contrast to the previous proposals.
Electron correlation effect
So far, we have discussed the nontrivial topological states in the AFM phase and the half-metallic FM phase in the HF approximation. One may ask what will happen if electron correlations are taken into account beyond the HF treatment. Here, we argue that the topological properties obtained from the mean-field Hamiltonian can persist even if we consider electron correlations by, for example, dynamical mean-field theory, provided the Mott transition is absent according to Refs. 91-95. Recall that the Chern number of each mirror sector is given in terms of the Green's function as
where ǫ µνρ is a totally antisymmetric Levi-Civita tensor, and (∂ 0 , ∂ 1 , ∂ 2 ) = (∂ ω , ∂ kx , ∂ ky ), k = (ω, k). Summation is assumed over repeated indices µ, ν, ρ = 0, 1, 2. σ specifies the mirror parity and G σ is the full single-particle Green's function, which is related to the free Green's function
, where Σ σ (iω, k) is the self-energy. In the present treatment, G σ is a 4 × 4 (2 × 2) matrix in the AFM (halfmetallic FM) case. According to Refs. 93 and 95, the Chern number is determined by the topological Hamiltonian h
This is because the Chern number does not change under the smooth deformation as
where λ ∈ [0, 1], provided detG σ = 0 and detG 
Summary
We have explored two topological states in the AFM/FM phases by taking account of the mirror symmetry in heavy-fermion systems. Concretely, in reference to topological crystalline insulators, we have proposed 2D topological crystalline insulating states in magnetic phases for interacting systems. In particular, we have shown that in the AFM phase at half filling there is a topological state characterized by a mirror Chern number. In the case of a SmB 6 film, an AFM topological semimetallic phase is expected. We have also shown that in the half-metallic FM phase around quarter filling, the spin-selective topological insulating state characterized by a mirror Chern number is realized.
In contrast to the previous studies, which assumed spin U (1) symmetry to obtain such topological properties in the magnetic phases, our proposal is that these phases can be realized even in the absence of spin U (1) symmetry by taking into account crystalline symmetry in magnetic phases. Generally, spin U (1) symmetry is not preserved in the presence of spin-orbit coupling; thus, the present scenario without respecting spin U (1) symmetry will provide a feasible platform to realize magnetic topological insulators for 2D systems.
In this paper, we have employed the HF approximation to address the above phases. We have discussed the correlation effects qualitatively and shown that the topological properties of these states may not change in the presence of correlation effects. Nevertheless, more elaborate calculations should be carried out to confirm this conclusion, which is now under consideration. In addition, a 3D version of the mirror-selective topological insulator has been discussed.
96) It might be interesting to study how our mirror-selective topological insulator extends to three dimensions by increasing the thickness of the layers.
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Appendix A: Spin Configurations in Strong Correlation Limit
In this Appendix, we determine the magnetization axis by using second-order perturbation theory to clarify whether the magnetization is mirror-symmetric or not. For simplicity, we use the model with V 2 = 0, t 
The hybridization term then results in the following exchange interaction via the second-order perturbation:
where J Table. A·1), and J df = 2V
where ǫ f is the chemical potential of f -electrons. From only this constraint, we cannot yet determine the spin configuration at the ground state. When t dd = t f f = 0, the spins can be polarized along the x-or y-direction without energy loss.
We then consider another perturbation expansion in
, giving rise to frustration in these cases. As a result, the easy axis of the magnetization is the z-axis, preserving the mirror symmetry, and the ground state of this model prefers the configuration having the staggered AFM order in Fig. A·1 , where all other magnetic configurations are frustrated. Those for d-electrons and f -electrons align in the opposite directions at the same site. Table A·1 . Exchange couplings obtained for the spin-half 2D periodic Anderson model with nonlocal d-f hybridization using second-order perturbation theory from the strong correlation limit. 
) > 0 but the sign is unchanged. We thus conclude that the easy axis of the magnetization is the z-axis and a staggered AFM phase, where f -and d-electrons align antiparallel at each site, is realized.
Appendix B: Competition Between Two Types
of Gap in the Case of (t
In this Appendix, we investigate the competition between two types of gap, topologically trivial and nontrivial gaps, in a simplified model with only n.n. hopping and interaction, (t and the other is the change in the nonlocal hybridization V k .
We first note that the Hamiltonian [Eq. (7)] can be block-diagonalized for two mirror sectors in the presence of mirror symmetry. We focus on one of the mirror sectors because both have the same band structure. The sector
At U f = 0, a band inversion occurs between the second and third bands from the bottom in Fig. B·1(a) . Here, for simplicity, four bands are labeled as follows; the first and fourth bands from the bottom originate from delectrons, whereas the second and third bands originate from f -electrons. The insulating phases are classified according to the band structure; (i) a band inversion occurs between the second and third bands, and the chemical potential lies between these d-and f -bands, (ii) a band inversion does not occur and the chemical potential lies between the d-and f -bands, and (iii) the chemical potential lies between different d-bands. The first type (i) has the nontrivial topological structure shown in Figs. B·1(a)-B·1(c), whereas the second type (ii) in Fig. B·1(d) and the third type (iii) in Fig. B·1(e) do not have nontrivial topological structures. We first discuss the shift of the f -band, which is the Hartree shift due to the interaction U f . To this end, it is sufficient to consider the Hartree shift in sublattices A and B only for one of the mirror sectors. The linear dependence of the direct gap on U f after the TPT in Fig.  1(c) can be understood by this Hartree shift, as described below. Before the TPT, the chemical potential is between the inverted d-and f -bands but after the TPT, the chemical potential is between the non-inverted d-and f -bands or between the d-bands. In the region where the chemical potential lies between the inverted d-and f -bands, the direct gap proportional to the Hartree shift for one of the f -bands causes the linear dependence on U f as seen in Fig. 1(c) . On the other hand, when the chemical potential lies between different d-bands, the direct gap is not affected by the Hartree shift for the f -band, leadingAppendix D: Antiferromagnetic Topological Insulator at Half Filling for U d = 0
We investigate the topological and magnetic properties at half filling in the case of U d = 0. The obtained phase diagram is shown in Fig. D·1 . In contrast to the case with finite U d shown in Fig. 3 , the phase diagram is much simpler, but we still find a topologically nontrivial region. Note that in the AFM phase, the system becomes a topological semimetal, as mentioned in the main text. We investigate topological and magnetic properties around quarter filling in the case of U d = 2. The obtained phase diagram is shown in Fig. E·1 . We find that in the FM phase, the system is in a half-metallic state but is not topological, in contrast to the finite U d case shown in Fig. 5 . The black line separates the topological phase and trivial phase, while the white line separates the half-metallic phase and the metallic phase. In the half-metallic region, the sector of Mz = −i is an insulator and the other sector is a metal. The color plot shows the strength of the magnetization.
